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The main aim of this paper is to derive an interpolation theorem (Theorem 1)
which implies both a construction of once continuously differentiable functions
which are piecewise polynomial in a domain divided into tetrahedrons (Corollary
1 and Theorem 2) and convergence theorems of the finite element method for
solving three-dimensional elliptic boundary value problems of the fourth order
(Theorems 3 and 4).

1. INTRODUCTION

It is well known [1] that the simplest polynomial in one variable generating
piecewise polynomial functions which are m-times continuously differentiable
is a polynomial of degree 2m -+ 1. This polynomial is uniquely determined
by the function values and all derivatives up to the m-th order inclusive at
the end-points of a segment. There exist general interpolation theorems
(see, e.g., [2]) from which the convergence of the finite element method
follows.

It is also known (see [3], [4]) that, in the general case, the simplest
polynomial p(x, ) on a triangle, generating piecewise polynomial functions
which are m-times continuously differentiable in a triangulated domain is a
polynomial of degree 4m +- 1. The conditions uniquely determining it are of
such a form that considering p(x, y) along the side P, P; of the triangle, i.c.,
setting

x:xi+(xjﬂxi)sa y:yl+(y7—yz)s, 0<s<1,

we obtain a polynomial p(s) of degree 4m -+ 1 determined in such a way that
it generates, as a polynomial in one variable s, 2m-times continuously differ-
entiable functions.
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Extrapolating this fact to the case of three variables it may be expected
that the simplest polynomial p(x, y, z) on the tetrahedron generating piecewise
polynomial functions which are m-times continuously differentiable should
be of such a degree and determined by such conditions that considering it on
the triangular face P,P;P; of the tetrahedron we obtain a polynomial p(s, ¢)
which generates, as a polynomial in two variables s, ¢, 2m-times continuously
differentiable functions. Thus the degree of such a polynomial should be
8m + 1.

The case m = 0 is trivial. As to m = 1 and m == 2 the expectation was
confirmed to be true (see [S]). Attempts to do this in the general case have
not yet been successful.

The aim of this paper is to derive an interpolation theorem for the
polynomial of the ninth degree (Theorem 1 and Corollary 1) and using it to
prove the convergence theorems of the finite element method for solving
three-dimensional variational problems of the second order which are
equivalent to elliptic boundary value problems of the fourth order. The
method of the proof of Theorem 1 is a modification of the method which was
developed in the case of two variables in [6] and then generalized in [3].

2. NOTATION

A given closed tetrahedron will be denoted by U, its interior by U. The
vertices and the center of gravity of U will be denoted by P, (i = 1,..., 4) and
P, , respectively. The centers of gravity of the triangular faces P,P,P,,
P,P,P,, P,P,P,, and P,P,P; are denoted by Q,, @,, Q;, and Q,, respec-
tively. The symbols Qf;*,..., 0% denote the points dividing the segment
{P;Pyy into s + 1 equal parts.

The symbols s , t;; mean two arbitrary but fixed directions such that the
directions P;P;, , s;1 , t;; are perpendicular to one another.

The symbol #; denotes the normal to the triangular face the center of
gravity of which is the point Q; . We orientate n; according to the right-hand
screw rule with respect to the increasing indices j << k& << [ of the vertices P; ,
P, , P, of the face. The symbols s; and ¢; mean two arbitrary but fixed
directions such that n;, s, t; are perpendicular to one another.

Let P;, P, be two vertices of the triangular face the center of gravity of
which is the point Q;. The symbol v,;;, denotes the direction perpendicular
to the directions »; and P;P, .

Let f be a function of the variables x, y, zand o, =0, 0y = 0, o3 = 0
three arbitrary integers. Setting

o = (o, Ay 5 Otg), o] = oq + o +
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the operator D* is defined by
D°f = o"™fjox™ ay™ az*.
Similarly, if g is a function of the variables £, », { then
D = 0"gjog™ s a1,
Let 8, = 0, B, > 0 be two arbitrary integers. Setting

B:(ﬁlaﬁz)a lﬁl:/gl+ﬁzﬁ
the operators D.# and D5, are defined by

Djf = 2fasPot™, D f= 0" fjoss: 6tf,f

where of]0s;, of]ot;, of]ds;,, and 8f] ot;;, denote the derivatives of the function f
in the directions s;, #;, 8 , and ¢;;, , respectively. Further, if ¢ is a function
of two variables £, n we define

DPp = 0¥\ pjog™ onfe.

The symbols 0f/on; and 0f]dv,;; denote the derivatives of the function fin
the directions »; and vy, , respectively.

3. INTERPOLATION THEOREM
THEOREM 1. Let the function w(x, y, z) be continuous on a closed tetra-

hedron U and have bounded derivatives of the tenth order in the interior U
of U:

ID“W(xsy, Z)l < Ml()a l 06] = 10’ (xaya Z)EU' (1)
Let

Derw(P;) = 0, o] < 4 @)
DEw(Qir™) = 0, |Bl=3s, r=1,.,5 s=1,2; ?3)
w(@,) = 0; 4
Df@ew(Qylen) =0, Bl <2; )
Dw(Py) =0, Ja] <1 ©)

where i =1,...,4,j=1,2,3, k = 2, 3,4 (j < k). Then it holds on U
| DW(x, 3, 2)| <~y M, o] <8 ™

qlal ylal+l
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where h is the length of the largest edge of the tetrahedron U and K is a constant
independent on U and on w(x, y, z). The constant V is defined by

V = min(V, ..., V), ®)

V; being the volume of the unit parallelepiped having edges parallel to the edges
of U which intersect at the vertex P;. The quotient q is defined by

g = ,max min(a;/h, bi/h, c./h), ©®

a; , b; and c,; being the lengths of the edges having the vertex P; as a common
point.

The interpolation character of Theorem 1, which will be proved in Section 4,
follows from the following.

CoROLLARY 1. A polynomial of the ninth degree
P(X,Y,2) = @y + QX + a3y + gz -+t + Agge2® (10)

is uniquely determined by the conditions (2)-(6) where

w(x, Vs Z) :p(xs Vs Z) _f(xs s 2)9 (11)

f(x,y, z) being a function four-times continuously differentiable on the tetra-
hedron U. Further, if the function f(x, y, z) has bounded derivatives of the
tenth order in the interior U of U,

lef(x’y,z)l <M10’ IO‘! = 103 (X,y,Z)GU,
then the difference (11) satisfies the inequality (7).

Proof. The number of the conditions (2)-(6) is equal to 220. (The numbers
of the conditions (2), (3), (4), (5), and (6) are equal to 140, 48, 4, 24, and 4,
respectively.) If w(x, y, z) is of the form (11) then the conditions (2)-(6) form
a system of 220 linear equations for the 220 unknown coefficients a, ,..., a0 -
1t is sufficient to prove that the determinant of this system is different from
Zero.

Let us assume that the function w(x,y, z) = p(x, y, z) satisfies the
conditions (2)—(6). As, according to Eq. (10),

Dp(x,y,2) =0, |a|=10

it follows from Theorem 1 that p(x, y, z) = 0. The inverse implication is
trivial. Corollary 1 is proved.
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Remark. The estimates for derivatives in (7) depend on the geometry of
the tetrahedron. It is natural to ask whether this dependence is essential or
a mere consequence of the used method of proving. An analogous situation
exists in case of interpolation polynomials on the triangle (see [3, 4, 6] or
Lemma 3). Though this problem has not yet been generally solved the fol-
lowing is worth mentioning.

1. The quantity V is a three-dimensional analogy of sin w, w being the
smallest angle of a given triangle, because sin w is the measure of the unit
rhombus having sides parallel to the sides making the angle .

2. In the two-dimensional case the estimates for derivatives depend just
on sin w because 1/g << 2. In the three-dimensional case the quantity 1/q is
unbounded. (It suffices to consider the tetrahedron with vertices P,(0, 0, 0),
P,(1,0,0), P40, ¢, 0), and Py(1, 0, ¢).)

3. Ciarlet and Wagschal [7] derived by means of multipoint Taylor
formulas the following estimates for the first derivatives in case of inter-
polation polynomials of the first, second, and third degree on n-dimensional
simplexes:

(0p/ox;) — (OpsJox)] < CoMpa(BHR) (= 1,..,mr = 1,2,3),

pr(%y »..., X,) being the interpolation polynomial of the r-th degree of the
function ¢(x, ,..., X,). C, is a constant independent on the simplex and on the
function ¢(x; ,..., X,), M, is the bound of the derivatives of the order r + 1
of the function ¢(x, ,..., x,,), & is the length of the largest edge of the simplex
and /' the diameter of the inscribed sphere of the simplex.

4, Let us consider the tetrahedron with vertices Py;(—h/2, —k;h, 0),
Py(h2, —kyh, 0), Ps(0, kyh, 0) and Py(0, 0, z,) where 4, &y , k, , z, are positive
numbers satisfying

ky +ky <322, zp < hmin(((3/4) — kA2 (1 — kP)HA).
Under these conditions / is the length of the largest edge of the tetrahedron

P,P,P,P,.
The second derivatives of the function

f(x,y,2) = bz + 4x* + kY (k, + k)2 y(y + kb)) — B2

are bounded, M, = max(8, 2k;'(k; + k,)™), and the interpolation poly-
nomial of the first degree of the function f reads:

p]_(xs s Z) = h2(1 - Z(;l)z'
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It holds
1(9f]0z) — (9p,/02)| = h?[z, .

If z,— 0 - then both V and A’ tend to zero and
I(9f]0z) — (8py/0z)] — 0.

The example introduced proves in case of interpolation polynomials of the
first degree that the estimates for derivatives are dependent on the geometry
of the tetrahedron.

4, SoME LEMMAS AND PrROOF OF THEOREM 1

LemMMA 1. Let g(s) be a function of a real parameter s € [0, l], continuous
on [0, 1] and having a bounded derivative of the order n + 1in (0, ),

t g(n+1)(s)l < Kn+1 ’ SE (Os l)
Let
So =0 <5y <55 << <8, =1
Lg®(sl < 9P (k=0,.,0; — 1;i=0,..,7)
where 0\ are constants and o; given integers satisfying
o+ -+ o, =n+1, o; = 1.

Further, let

= max max _ [Fn{E),
K i=0....,r(k=0,...,ui—1 i )

Then
l g(j)(s)l < Cyﬂl—y&,7 + C2j+2Kn+1ln+l—J" RES (0, l)

where j =0, 1,..,n — 1. Cy, Cs,..., Cy, are constants independent on the
Sfunction g(s) and on the interval [0, I].

LEMMA 2. Let
| 8nf(P)/8s;'1 asZn| < M, i+ i, =n,

P being a point in the space x, y, z and sy ,..., S, 2 < m < 3) arbitrary
directions perpendicular to one another. Then

| O (P)[oholy -+ ol | < m*PM

where l, , I, ,..., I, are arbitrary directions dependent on the directions s, ,..., Sp, .
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Lemma 1 is proved in [3, Theorem 2}. Lemma 2 can be obtained by means
of Schwarz’s inequality. The following lemma is a slight modification of
[3, Theorem 4], and of [8, Theorem 13].

LemMa 3. Let the function w(€, ) have bounded derivatives of the order
n + 1 on the closed triangle T (n = 8 or 9):
| DPu(é, )] < Npyy |Bl =n+1, (¢ el

Let
[ DPw(R)l <€, | Du(Ry)| < ¢, | Pu(STNfovi | < e

where duldv is the normal derivative, R; (i = 1, 2, 3) the vertices of T, R, the
center of gravity of T, S (r = 1,..., 3k) the points dividing the sides of T into
k + 1 equal parts and where the indices B, v, j, k are determined in the case
n=_8by

BI<3, (yi<2 j=k—-1, k=12
and in the case n = 9 by

Then it holds on T
| DPu(€, )| < 8, + (Kn/(sin w)!f) N, ,cmH1-18, 1Bl<n—1

where 9, — 0 if € — 0-; c is the length of the largest side of T, w the smallest
angle of T and K,, a constant independent on T and on u(§, ).

In what follows we shall use Sobolev’s spaces W{¥(Q) and WiH(Q)
£ being a connected bounded domain in the space (x, y, z). W§¥() is the
space of functions having generalized derivatives up to the order k inclusive
which belong to the space L,(2). The norm in W{¥(£) is defined by

” w “3"??‘)(9) = Z ” Dﬂw ”iz([)) .
lo| <k

The space W{¥(£2) consists of functions which together with all generalized
derivatives of the order & belong to L,(¢2). The norm is given by

¥ gy = 19 P 3 1D

In the following considerations we shall often need Sobolev’s lemma in
the following special form (see [9]).
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LemMa 4 (Sobolev). Let 2 be a domain starlike with respect to a sphere.
Let 0 <m < k — 2 and we W¥(Q). Then we C™(Q) and
| D2w(x, 3, 2)] < Cliwlipw g

max
(m.y,Z)EQ.|a|<m
where the constant C does not depend on w(x, y, z).

Two parts of the proof of Theorem 1 will be used in the proof of Theorem 2.
We formulate them, therefore, in Lemmas S and 6.

LemMa 5. Let the function w(x, y, z) be continuous on a closed tetrahedron
U and the inequality (1) hold. Let T, be the triangular face of U with vertices
P,,P,, P (p <o < 7)and Q, the center of gravity of T.,. . If Eq. (2) holds
Jori = p, 0,7, Eq. (3) holds for j = p, 0, k = o, 7 (j < k) and Egs. (4), (5)
hold for i = A, then

| D*w(P)] < (Ky/ V")) Myh'*~, || <1,  PeT,,. (12)

The meaning of V and h is the same as in Theorem 1 and K, is a constant
independent on U and on w(x, y, z).

Proof. It follows from the assumptions of Lemma 5 that the function
w(x, y, z) belongs to W9(U). Thus, according to Lemma 4, the function
w(x, y, z) is eight-times continuously differentiable on U.

Let us construct a tetrahedron U’ with vertices P, P,', P/, P, lying
inside U. Let the faces U’ be parallel to the faces of U and lie in a distance 8.
Choosing & sufficiently small it holds with respect to the assumptions of
Lemma 5:

| Dw(P)| < €/31¢112, la| <4,i=p,0,T; (13)
DEW(OL)| < €/218172, IBl=s;r=1,.,8 5s=12; j=p,o0;
k=or (j<k) (14

| w(@)) < e (15)

| DEEW(Q))om)l <€,  |B] <2 (16)

where 0, is the center of gravity of the triangle P,’P,’P,’ and Q%?,..., 0l%®
are the points dividing the segment <P, P,’> into s -+ 1 equal parts. Using
Lemma 2 we obtain from (13) and (14):

|ol*w(P)estrarzond | <e, Jo| <4 an

3sw(Q(r s))/@v;jk | <e, r=1,.,8 s=1,2. (18)
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Let &, 7, { be a Cartesian coordinate system the (¢, 7)-plane of which is
identical with the plane determined by the points P, P, P,’. Let the
directions of the axes £, 5, and { be parallel to the directions s, , ¢, , and #n, ,
respectively. Let

x =x(n 0 =%+ ayé + aym + a3l
y=y&n 0 =7 + ané + ann + sl (19)
z=2((,m, 0 =2+ ayé + Azm + a3l

be the transformation between the systems x, y, z and &, 0, {, (X, ¥, Z) being

the coordinates of the origin of the system &, %, { in the system x, y, z. Let us
define the function

W&, m, ) = wx(€, , ), y(&, 0, D), z(€, 9, D). (20)

Then, according to (1), (15)—(20), and Lemma 2, it is easy to see that the
functions

@€, ) = B¢, 9,0 @1
and

P&, n) = 0@, 9, 0)/9¢ (22)

satisfy the conditions of Lemma 3 with N,y = 3%M;, and Ny = 33M,,
respectively. Hence, according to Lemma 3 and (21), (22), it holds for

¢ 7, DeT,,
| Ddi(€, m, )] <& + (AMy/Gin w)*ly 2011, o <1 (23)

where & — 0 if ¢ > 0+. T,,, is the triangle with vertices P," (i = p, o, 7),
¢ is the length of the largest side of 7,,, , w is the smallest angle of T,,, and 4
is a constant independent on 7, ~or and on @(¢, n, {). Further, it holds

sinw =V, liﬁfzcgh.
€

Thus, returning to the variables x, y, z and letting ¢ — 0, we obtain by
means of (23) (with respect to orthogonality of the matrix of the transfor-

mation (19)) the inequality (12).

LEMMA 6. Let the function w(x, y, z) be continuous on a closed tetrahedron
U and the inequality (1) hold. Let P, , P, be two vertices of the tetrahedron U.
If Eq. (2) holds for i = p, o and Eq. (3) holds for j = p, k = o then

| D*w(P)] < KpMioh'* ™, || <2, PelPPp
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where h is the length of the largest edge of U and K, is a constant independent
on U and on w(x, y, ).

Making use of Lemma 1 we can prove Lemma 6 in a similar way as
Lemma 3.

Proof of Theorem 1.  Let us choose the notation of the vertices P,(x;, y;, z;)
(i = 1,...,4) in such a way that

q = min(ay(h, by/h, c\[h), (24)

a, , by and ¢, being the lengths of the segments (P, P,>, (P, P;), and {P,P,>,
respectively. Let (p, , p2, p3), (01, 03, 03), and (71, 75, 73) be the unit vectors
which are parallel to the directions P,P,, P,P;, and P,P,, respectively. Then
the transformation

x = x(§, 7, D=x+ a1P1f + byoyy + i d

y =y, 7, 0 =y + apf + byoyn + 1ol (25)

z = 2§, ) = z; + ayps€ + byogn + 473l
maps one-to-one the tetrahedron U on the tetrahedron U, which lies in the
Cartesian coordinate system £, v, { and has the vertices R,(0, 0, 0), Ry(1, 0, 0),
R4(0, 1, 0), and R,(0, 0, 1). We shall distinguish between two cases: M,y > 0

and Mlo - 0.
In the case M,, > 0 let us introduce the function

o, m, §) = Myth"w(x(§, 1, 0), y(€, m, D), 2(§, , ). (26)
It holds with respect to (25) and (26)

ou(g, m, ) ket 9w(x, y, 2)
01 0m2 00  Mph® 0p*1 Oo% O1%°

ow/dp, 0w[do, and ow/or being the derivatives in the directions P,P,, P, P,
and P, P, , respectively. Hence, according to (1)~(6) and Lemmas 2, 5, and 6,

| Doo(g, m, D] < 3, lal =10, (7, 0ely; QD)
Dv(R;) = 0, o] <4, i=1,.,4; (28)
Do(Ry) = 0, lal < 1; (29)
| Do(R)| < 32K V-1, o<1, ReU\Up;  (30)

| Du(R)| < 312K, la| <2, RE(RR)

@ #Jsij=1,..,4); 3D
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where U, is the interior of U, and R, the center of gravity of U, . The function
v(&, 7, {), being continuous on U, and having bounded derivatives of the
tenth order in U,, belongs to W{*(U,). Thus, according to Lemma 4,
o(€, , §) is eight-times continuously differentiable on U, .

Let us assume that we succeeded in proving the inequalities

| DR < GV, ol =56 (32)
| Do(Ry)] < GV, |a] =35,6; (33)
| DvR)l < GV, o] =5 (34)

(Here and in the following text the symbols C,,..., C, denote absolute
constants, i.e. constants independent on the function w(x, y, z) and on the
tetrahedron U.) Let us consider the function

gls)=v (<R‘s,> s

S, being the center of gravity of the triangular face R,R,R; . As the lengths
of the segments {R,S,> and {R,R,> are equal to 111/2/3 and 111/2/4, respec-
tively, it holds, according to (27)-(30), (34), and Lemma 2,

gi%(s) <3 se(0,111/%3)
80O < FECY, gPAI4) = 0
[g®(1M33)] < 3K V*  (j=0,.,5k=01).
Using Lemma 1 we obtain
| g1(8)] < C V-t max(3%2C,, 3K,y) + 115C;,  se€ [0, 111/%/3].
As V-1 > 1 we can write, setting C, = C, max(3*/2C;, 3K;) -+ 11°C;,
lo(R)| < CgVY,  Re(RSp. (35)

Now, let R be an arbitrary point of the interior of the triangle R,R,S;;,
S,s being the midpoint of the segment {R;R;>. Let R; be the crossing point
of the triangular face R,R R, and the line determined by the points R, , R.
Let us consider the function

82(8) = U [¢ryRy> -
It holds, according to (27) and Lemma 2,
1g89(s) [ <3, 5€(0, D),

1 being the length of the segment (R, R;>. Denoting by /; the distance between
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R, and the crossing point of the segments (R,R;> and (R,S,> we can write
with respect to (28), (30), (33), and (35):

g () < 3RCVL, (gl < GV
LgPD) < 3K V* (j=0,.,6;k=0,1).
As ] < 2'/2 we obtain by means of Lemma 1
(R} < C,VY, ReT, (36)

T being the interior of the triangle R,R,S,;; .

At the end, let R be an arbitrary point of U, . Denoting by R’ the crossing
point of the line R,R and the triangular face R,R;R, and considering the
function gy(s) = v |(g,r", We can prove by means of (27), (28), (30), (32), (36),
and Lemma 1, similarly as in the case of the function g,(s), that it holds

[o(R)| < GV, ReU,. 37
The estimates (27), (30), and (37) imply
“ v “WQIM(UO) < C9V—1' (38)

Making use of Lemma 4 we get from (38)

‘ Dav(g 7), g)l CIOV -1 I o ‘ < 8’ (59 1}5 g) € UO . (39)

As | J | = a\b,sVy = aybiciV, J being the Jacobian of the transformation
(25), we get from (25)

| 6lex |, | o¢loy)|, | ofjoz| < aftV?
| onfox |, | ogfoyl|, |énfoz| < btVL (40)
ollex|, |egjayl, |oljoz| < VL

Expressing the function w(x, y, z) in the form

w(x, s Z) = Mlﬂhmu(g(xa Vs Z): ”)(x: Y, Z), E(x, Y, Z))

we obtain by means of (24), (39), and (40) the estimation (7).

To finish the proof it remains to prove the inequalities (32)—(34). Let U’
be a tetrahedron lying inside U, and having faces parallel to the faces of U,
in a distance 8. Choosing & sufficiently small it holds with respect to (30)
and (31)

| Do(R)| < e+ 302K, V-, |a] <1, ReU\U) (41)
| Du(R)| < e + 312K, la] <2, RelR/R), (42)
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U, being the interior of U, and R, (i = 1,..., 4) the vertices of U,’. Let us
consider the functions

gazag(‘f) 8mfr%v/a”]m2 oL ’<R1 Ry> s ®y + g K 2.

It holds, according to (27) and (42),

8wV <3 g < e+ 3Ky, £€0,1],

! being the length of the segment <{R;,'R,”>. Using Lemma 1 and letting
e — 0+ we obtain

| D*0(§,0,0) < Cpy,  £€[0,1),  Jal =56 otoa<2  (43)

Considering the functions d*1+2sp/0£* 0*3(a; + oy < 2) and drtaep[dger G
(x; + oy < 2) on the segments (R,’Ry"> and {(R,’R,’>, respectively, we prove

| Dal)(o, 7]’ O)’ ~ C12 ] 7) = [03 1]9 , x l = 5, 6; 0‘1 + 0‘3 < 2, (44)
I Dav(o’ 09 Z)l < C13 s ZE [09 1]3 | 4 | == 5’ 65 51 + Oy < 2- (45)

In the case | « | == § it remains to estimate the derivatives
D(2‘2’1)U(R1), D(2’1’2)U(.R1), D(1’2’2)U(R1). (46)
Let us consider the function
8a(s) = ovjol ‘<R1’s;3> >

S,3 being the midpoint of the segment <R, R;">. It holds, according to (27),
(41), and Lemma 2,

g <30 g < e+ 3KV,  se]0,7],

I’ being the length of the segment (R,’S;;>. Using Lemma 1 and letting
€ — 0+ we obtain

| Pu(Ry)[0s* 0L | < CygV™* (47
where dv/0s is the derivative in the direction (21/2/2, 21/2/2, 0). The estimates
(43), (44), and (47) imply

| D@2Vy(Ry)| < Cypb

with Cj; = 5(Cyy -+ Ci2)/6 + 2Cy4/3. The last two derivatives (46) can be

estimated similarly by considering the functions dv/dy and Jv/0€ on the
segments {R,'S;,> and (R,"Sss>, respectively.
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To prove (32) it remains to estimate the derivatives

D(3’3’0)U(R1), D(3.0,3)U(R1)’ D(0'3‘3)U(R1); (48)
D(3.2.1)U(R1)’ D(2’3‘1)U(R1); (49)
D(3,1.2)U(R1)’ D(2,1,3)U(R1); (50)
D(1,3.2)U(R1)’ D(1’2’3)U(R1); (51)
D2y(Ry) (5)

In the case of (48) we can manage it by considering the functions dv/dn),
ov/0€, and dv/0{ on the segments (R;'S;;>, (Ry'Ssy, and (Ry'S3,>, respec-
tively.

The derivatives (49) will be estimated simultaneously. Let us consider the
functions

gs(s) = avfol l<R1' o3> » 8o(t) = ov/og |<R1’ O »

0., and Q3, being the points which divide the segment (R, R,"> into thirds.
The inequalities (27) and (41) imply by means of Lemma [

| Pv(Ry)[0sP oL | < CygV, [ Bv(RY[ors 9L | < CyV (53)

where 0dv/ds and dv/ot denote the derivatives in the directions (2(5/3/5),
51/2/5,0) and (51/%/5, 2(5'73/5), 0), respectively. It follows from (43), (44), and
(33)

| DOAYRY| < Cieby | DEA(RY] < Crob

The derivatives (50) and (51) can be estimated similarly.
Having estimated all derivatives D*o(R,)(| « | = 6) except for (52) we can
derive
| DEADR)] < Cpb?

by considering the function g,(s) = v |, RS+ St being the center of gravity
of the triangular face R,R;R, .
To derive (33) let us map the tetrahedron U, by the transformation

§=1l—k—2A—y, n=A [=x 4

on the tetrahedron U, lying in the Cartesian coordinate system «, A, ¥ and
having the vertices 4,(0, 0, 0), 4,(1, 0, 0), 45(0, 1, 0), and 4,(0, 0, 1). Defining
the function

e, A, x) =01 —k —A—x, A, %)

and repeating the preceding considerations we obtain

| Du(Ad,)| < CyV3, || =35,6. (55)
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As the point R, is mapped by (54) on the point A4, the estimation (55) implies
(33). The estimation (34) can be obtained similarly. Theorem 1 is proved in
the case M,, > 0.

If M, = 0 then the inequality

| Dw(x,y,2)l <4, |a|=10, (x,y,2)eU

holds for arbitrary 4 > 0. Repeating the preceding proof with M, = 4 > 0,
where 4 is arbitrarily small, and letting 4 — 0+ we complete the proof of
Theorem 1.

5. APPLICATIONS

Let 2 be a bounded simply or multiply connected domain in E; with the
boundary I consisting of a finite number of polyhedrons I; (i = 0,..., 5);
I ..., I'; lie inside of Iy and do not intersect. Let I be a set of a finite
number of closed tetrahedrons having the following properties: (1) the union
of all tetrahedrons is £2; (2) two arbitrary tetrahedrons are either disjoint
or have a common vertex or a common edge or a common face.

Let N;, N,, and N, be the total numbers of the tetrahedrons, of the vertices
and of the triangular faces in the division IR, respectively. The tetrahedrons
of M will be denoted by U, (i = 1,..., N,), the vertices by P, (i = 1,..., N,)
and the triangular faces by T; (i = 1,..., N;). The symbol Q, denotes now the
center of gravity of the triangle T; . The normal n, to the face T} is oriented
according to the rule introduced in Section 2. The meaning of the symbols

5, 045 is the same as in Section 2. The center of gravity of the
tetrahedron U, is denoted by P(?. Similarly as in Section 2 to each edge P, P,
there are prescribed two directions s;;, 7;; and to each normal n; two directions
Syt

Let there be prescribed at each point P, thirty-five values D% (P,) (| o | < 4),
at each point Q{1 two values D% f(Q5V)(| B | = 1), at each point Q;®
three values D5, f(Qiw®) (| B ] = 2), at each point P§’ four values D*f(P§’)
(| | < 1) and at each point Q; one value f(Q,) and six values D/ of (Q;)/on;
() B| <2). Then on each tetrahedron U, there is uniquely determined a
polynomial of the ninth degree p,(x, y, z) and the following theorem holds.

TueoreM 2. The function

g(X, }’, Z) = pi(xa y: Z): (x, ys Z) € Uz (l = 11"-’ Nt) (56)

is once continuously differentiable on the domain £2.
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Theorem 2 was proved in [5]. However, another proof of Theorem 2
follows immediately from Lemma 5. Let the tetrahedrons U,-l and U;_ have
the triangle T as a common face. Let P,, P,, P, be the vertices of T .
Then the polynomial p(x,y,z) = p; (%, ¥, z) — p:(x, y,2) satisfies all
assumptions of Lemma 5 with M;, = 0. Thus, according to (12),

Dep, (x, ¥, z) = Dp,(x, y, 2), ol <1, x,y,2)eT,.

Moreover, making use of Lemma 6 we can prove in the same way that the
function (56) is twice continuously differentiable on the edges (P;P;) in the
division M.

Let us denote the set of all functions of the type (56) by G(IR). The set
G(IM) is a finite-dimensional space with

dim GE) = 35N, + 7N, + 4N, + 8N,

where the integers N, , N;, and N, are defined above and N, is the total
number of the edges {P;P,> in the division IN.

It is clear that G(I) C W 2(£2). Thus we can use the functions of the type
(56) as trial functions in the finite element procedure for solving three-
dimensional boundary value problems of elliptic equations of the fourth
order. We restrict ourselves to the variational formulation of the problem.

Let H C WP (R) be a real Hilbert space with the norm induced by W{>(£).
Let a(v, w) be a real bilinear form continuous on H X H, i.e., a mapping
(v, w) — a(v, w) from H x H into the field of real numbers which is linear
in both v and w and bounded:

La@, w)l < M viw@ gl wilw2 g, , Vo, weH (57)

where M is a constant independent on v, w. Further, let the form a(v, w) be
symmetric,
a(v, w) = a(w, v), Yo,w € H, (58)
and H-elliptic, i.e.,
a@,0) > k0o,  VoeH (59)

where « > 0 is a constant independent on ». Finally, let L(v) be a linear
functional continuous on H. Then (see [10]) there exists just one u € H such
that

a(u, v) = L(v), Vve H. (60)

It is well known that u satisfies Eq. (60) if and only if ¥ minimizes sharply
on H the functional

Fv) = (1/2)a(v, v) — L(v). (61)

640/7/4-3
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The space H is determined by the stable homogeneous boundary con-
ditions of the boundary value problem to which the given variational problem
corresponds. In our case of tetrahedral elements we must restrict our con-
siderations to such cases when the part I of I” on which the stable boundary
conditions are prescribed can be covered by a finite number of triangles. In
this case we can choose the division 3 in such a way that " is a union of
some triangular faces T; .

The approximate solution of the given variational problem is then defined
as the function which minimizes the functional (61) on the space G(Wt) N H.
(G(P) N H is the space of all functions of G(3) satisfying the stable boundary
conditions in the classical sense.) It follows immediately from (59) that there
exists just one function of this property.

Now, let {I,} be a set of divisions of 2 into closed tetrahedrons with the
following properties:

h—>0, Qh>q0>0, Vh>V0>0, (62)

h being the length of the largest edge in M, , g, the smallest quantity (9) in
i, and V, the smallest quantity (8) in I, . Let H, = GM,) N H and u,,
be the approximate solution of the given variational problem on H, . The
following two convergence theorems hold.

THEOREM 3. Under the assumptions (57)~(59) and (62) it holds
llg% ffup, — u ”Wé“(n) =0, (63)
u being the exact solution of the given variational problem.

The proof of Theorem 3 goes in the same lines as the proof of the con-
vergence theorem introduced in [11]; instead of [6, Theorem 3] we use
Theorem 1. Further, Theorem 1 allows us to state a sufficient condition for
the maximum rate of convergence.

THEOREM 4. Let the conditions (57)-(59) and (62) be satisfied and the exact
solution u(x, y, z) have bounded derivatives of the tenth order in £2,

lDau(x’.%z)’ <M1()’ lal = 10, (x,y,Z)EQ. (64)
Then
“ Up — u ”Wém(g) < CMlohs (65)

where the constant C does not depend on the division W and on the exact
solution u(x, y, z).
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Proof. According to [12, p. 365], it holds

u, — ullp g < M2 u—vlppg,, YveH, .

Let ¢ be the function from H, having the same values at the points P,,

(
i

=9, PP, Q, as the exact solution ». Making use of Corollary 1 we can state

lu— @l g < C'MhA

where the constant C’ depends on ¢q,, ¥, and mes £2 only. As ¢ € H,, the
last two inequalities imply the estimate (65). Theorem 4 is proved.

10.

11.

12.
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